
TASK/TX V4.57 [10/03/26]

1 Equations in r coordinates

0 =
1
r

∂

∂r
r

∂

∂r
φ +

1
ε0

(
−ene + Zieni + Zbenb + Zbegnrp

b

)
(1.1)

1
c2

∂

∂t
Ȧθ =

∂

∂r

1
r

∂

∂r
rAθ + µ0(−eneueθ + Zieniuiθ + Zbenbubθ) (1.2)

1
c2

∂

∂t
Ȧφ =

1
r

∂

∂r
r

∂

∂r
Aφ + µ0(−eneueφ + Zieniuiφ + Zbenbubφ) (1.3)

∂

∂t
Aφ = Ȧφ (1.4)

∂

∂t
Aθ = Ȧθ (1.5)

∂

∂t
ne = −1

r

∂

∂r
rneuer + νionize

ne

n01 + n02 + n03
(n01 + n02 + n03) − νL(ne − nediv)

+ (1 − fCX)
Pb

Eb
(1.6)

∂

∂t
neuer = −1

r

∂

∂r
ruerneuer +

1
r
ueθneueθ −

∂

∂r

neTe

me

− e

me
neEr −

e

me
Bφneueθ +

e

me
Bθneueφ (1.7)

∂

∂t
neueθ = − 1

r2

∂

∂r
r2uerneueθ +

1
r2

∂

∂r
r3neµe

∂

∂r

ueθ

r
− e

me
neEθ +

e

me
Bφneuer

− νNCeneueθ − νei1ne(ueθ − uiθ) − νei2ne(ueφ − uiφ)

− mb

me
νbe1nb(ueθ − ubθ) −

mb

me
νbe2nb(ueφ − ubφ)

−
e2B2

φDe

meTe
ne

[
ueθ −

Bθ

Bφ
ueφ +

B

Bφ

〈
ω

m

〉
e
r +

1 − αe

eBφ

∂

∂r
Te +

Er

Bφ

]

− 2νLneueθ − ν0eneueθ + F neo
eθ (1.8)

∂

∂t
neueφ = −1

r

∂

∂r
ruerneueφ +

1
r

∂

∂r
rneµe

∂

∂r
ueφ − e

me
neEφ − e

me
Bθneuer

− νei3ne(ueφ − uiφ) − νei2ne(ueθ − uiθ) −
mb

me
νbe2nb(ueθ − ubθ) −

mb

me
νbe3nb(ueφ − ubφ)

+
e2B2

φDe

meTe

Bθ

Bφ
ne

[
ueθ −

Bθ

Bφ
ueφ +

B

Bφ

〈
ω

m

〉
e
r +

1 − αe

eBφ

∂

∂r
Te +

Er

Bφ

]
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− 2νLneueφ − ν0eneueφ (1.9)

∂

∂t

3
2
neTe = −1

r

∂

∂r
r

(
5
2
uerneTe − neχe

∂

∂r
Te

)
+ uer

∂

∂r
neTe − eEθneueθ − eEφneueφ

− 3
2
νTeine(Te − Ti) − νLTe(ne − nediv) −

3
2
νLTene(Te − Tediv)

− EHνionize
ne

n01 + n02 + n03
(n01 + n02 + n03) + feiPb + Pαe + PRFe − PBr (1.10)

∂

∂t
ni = −1

r

∂

∂r
rniuir +

νionize

Zi

ne

n01 + n02 + n03
(n01 + n02 + n03) −

νL

Zi
(ne − nediv)

+ νbnb + νbgnrp
b − fCX

Pb

Eb
+ νbLnb + SLC − νOLni (1.11)

∂

∂t
niuir = −1

r

∂

∂r
ruirniuir +

1
r
uiθniuiθ −

∂

∂r

niTi

mi

+ Zi
e

mi
niEr + Zi

e

mi
Bφniuiθ − Zi

e

mi
Bθniuiφ (1.12)

∂

∂t
niuiθ = − 1

r2

∂

∂r
r2uirniuiθ +

1
r2

∂

∂r
r3niµi

∂

∂r

uiθ

r
+ Zi

e

mi
niEθ − Zi

e

mi
Bφniuir

− νNCiniuiθ −
me

mi
νei1ne(uiθ − ueθ) −

me

mi
νei2ne(uiφ − ueφ) − mb

mi
νbinb(uiθ − ubθ)

+
e2B2

φDe

miTe
ne

[
ueθ −

Bθ

Bφ
ueφ +

B

Bφ

〈
ω

m

〉
e
r +

1 − αe

eBφ

∂

∂r
Te +

Er

Bφ

]

− 2νLniuiθ − ν0iniuiθ − νCXniuiθ + SLCθ − νOLniuiθ + F neo
iθ + Tiθ (1.13)

∂

∂t
niuiφ = −1

r

∂

∂r
ruirniuiφ +

1
r

∂

∂r
rniµi

∂

∂r
uiφ + Zi

e

mi
niEφ + Zi

e

mi
Bθniuir

− me

mi
νei3ne(uiφ − ueφ) − me

mi
νei2ne(uiθ − ueθ) −

mb

mi
νbinb(uiφ − ubφ)

−
e2B2

φDe

miTe

Bθ

Bφ
ne

[
ueθ −

Bθ

Bφ
ueφ +

B

Bφ

〈
ω

m

〉
e
r +

1 − αe

eBφ

∂

∂r
Te +

Er

Bφ

]

− 2νLniuiφ − ν0iniuiφ − νCXniuiφ + SLCφ − νOLniuiφ + Tiφ (1.14)

∂

∂t

3
2
niTi = −1

r

∂

∂r
r

(
5
2
uirniTi − niχi

∂

∂r
Ti

)
+ uir

∂

∂r
niTi + ZieEθniuiθ + ZieEφniuiφ

− 3
2
νTeine(Ti − Te) + mbvb

Bθuiθ + Bφuiφ

B

Pb‖
Eb

− νL

Zi
Ti(ne − nediv)

− 3
2
νLTini(Ti − Tidiv) +

3
2

νionize

Zi

ne

n01 + n02 + n03
(n01T01 + n02T02 + n03T03)

2



− 3
2
νCXni(Ti − T01) + (1 − fei)Pb + Pαi + PRFi (1.15)

∂

∂t
nb =

Pb

Eb
− g

Pb⊥
Eb

− νbnb − νbLnb − νeffg(
√

δnb − nrp
b ) +

1
r

∂

∂r
rftDb

∂

∂r
nb (1.16)

∂

∂t
nbubθ = Zb

e

mb
nbEθ − νbe1nb(ubθ − ueθ) − νbe2nb(ubφ − ueφ) − νbinb(ubθ − uiθ)

− ν0bnbubθ − νCXnbubθ + vbθ

Pb‖
Eb

− νbLnbubθ − νeffg
√

δnbubθ

+
1
r

∂

∂r
rubθftDb

∂

∂r
nb (1.17)

∂

∂t
nbubφ = Zb

e

mb
nbEφ − νbe3nb(ubφ − ueφ) − νbe2nb(ubθ − ueθ) − νbinb(ubφ − uiφ)

− ν0bnbubφ − νCXnbubφ + vbφ

Pb‖
Eb

− νbLnbubφ − νeffg
√

δnbubφ

+
1
r

∂

∂r
rubφftDb

∂

∂r
nb (1.18)

∂

∂t
n01 =

1
r

∂

∂r
rD01

∂

∂r
n01 −

1
Zi

νionize
ne

n01 + n02 + n03
n01 − νCX

ni

n01 + n02
n01

+ γ0
νL

Zi
(ne − nediv) +

1
r

∂

∂r
rΓpuff

∣∣∣∣
b

(1.19)

∂

∂t
n02 =

1
r

∂

∂r
rD02

∂

∂r
n02 −

1
Zi

νionize
ne

n01 + n02 + n03
n02 + νCX

ni

n01 + n02
n01 (1.20)

∂

∂t
n03 =

1
r

∂

∂r
rD03

∂

∂r
n03 −

1
Zi

νionize
ne

n01 + n02 + n03
n03 + fCX

Pb

Eb
(1.21)

∂

∂t
nrp

b =
Pb⊥
Eb

+ νeff(
√

δnb − nrp
b ) − νbn

rp
b − 1

r

∂

∂r

(
rurp

b nrp
b − rDrp

b

∂

∂r
nrp

b

)
(1.22)

2 Relations Between Fields and Potentials

Er = − ∂

∂r
φ (2.1)

Eθ = − ∂

∂t
Aθ = −Ȧθ (2.2)

Eφ = − ∂

∂t
Aφ = −Ȧφ (2.3)
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Bθ = − ∂

∂r
Aφ (2.4)

Bφ =
1
r

∂

∂r
rAθ (2.5)

3 Equations in s(= r2) coordinates

0 = 4
∂

∂s
s

∂

∂s
φ +

1
ε0

(
−ene + Zieni + Zbenb + Zbegnrp

b

)
(3.1)

1
c2

∂

∂t
rȦθ =

(
4

∂

∂s
s

∂

∂s
rAθ − 4

∂

∂s
rAθ

)
+ µ0(−erneueθ + Zierniuiθ + Zbernbubθ) (3.2)

1
c2

∂

∂t
Ȧφ = 4

∂

∂s
s

∂

∂s
Aφ + µ0(−eneueφ + Zieniuiφ + Zbenbubφ) (3.3)

∂

∂t
Aφ = Ȧφ (3.4)

∂

∂t
rAθ = rȦθ (3.5)

∂

∂t
ne = −2

∂

∂s
rneuer + νionize

ne

n01 + n02 + n03
(n01 + n02 + n03) − νL(ne − nediv)

+ (1 − fCX)
Pb

Eb
(3.6)

∂

∂t
rneuer = −2r

∂

∂s
uerrneuer +

ueθ

r
rneueθ − 2s

∂

∂s

neTe

me

+ 2
e

me
sne

∂

∂s
φ − e

me
Bφrneueθ − 2

e

me
s
∂Aφ

∂s
neueφ (3.7)

∂

∂t
rneueθ = −2

∂

∂s
ruerrneueθ +

(
4

∂

∂s
sµe

∂

∂s
rneueθ − 4

∂

∂s
sµerueθ

∂ne

∂s
− 4

∂

∂s
µerneueθ

)

+
e

me
nerȦθ +

e

me
Bφrneuer − νNCerneueθ − νei1rne(ueθ − uiθ) + 2s

∂Aφ

∂s

νei2

Bθ
ne(ueφ − uiφ)

− mb

me
νbe1rnb(ueθ − ubθ) + 2

mb

me
s
∂Aφ

∂s

νbe2

Bθ
ne(ueφ − ubφ)

−
e2B2

φDe

meTe
ne

[
rueθ + 2

∂Aφ

∂s

s

Bφ
ueφ + s

B

Bφ

〈
ω

m

〉
e
+ 2s

1 − αe

eBφ

∂

∂s
Te − 2s

1
Bφ

∂

∂s
φ

]

− 2νLrneueθ − ν0erneueθ + rF neo
eθ (3.8)
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∂

∂t
neueφ = −2

∂

∂s
ruerneueφ +

(
4

∂

∂s
sµe

∂

∂s
neueφ − 4

∂

∂s
sµeueφ

∂ne

∂s

)

+
e

me
neȦφ + 2

e

me

∂Aφ

∂s
rneuer − νei3ne(ueφ − uiφ) + 2

∂Aφ

∂s

νei2

Bθ
rne(ueθ − uiθ)

+ 2
mb

me

∂Aφ

∂s

νbe2

Bθ
rne(ueθ − uiθ) −

mb

me
νbe3nb(ueφ − ubφ)

− 2
e2BφDe

meTe

∂Aφ

∂s

[
rneueθ + sne

B

Bφ

〈
ω

m

〉
e
+ 2s

1 − αe

eBφ

(
∂

∂s
neTe − Te

∂

∂s
ne

)

−2sne
1

Bφ

∂

∂s
φ

]
−

e2B2
φDe

meTe

(
Bθ

Bφ

)2

neueφ − 2νLneueφ − ν0eneueφ (3.9)

∂

∂t

3
2
neTe = −5

∂

∂s
ruerneTe +

(
4

∂

∂s
sχe

∂

∂s
neTe − 4

∂

∂s
sχeTe

∂ne

∂s

)
+ 2ruer

∂

∂s
neTe

− e
Eθ

r
rneueθ − eEφneueφ − 3

2
νTeine(Te − Ti)

− νLTe(ne − nediv) −
3
2
νLTene(Te − Tediv)

− EHνionize
ne

n01 + n02 + n03
(n01 + n02 + n03) + feiPb + Pαe + PRFe − PBr (3.10)

∂

∂t
ni = −2

∂

∂s
rniuir +

νionize

Zi

ne

n01 + n02 + n03
(n01 + n02 + n03) −

νL

Zi
(ne − nediv)

+ νbnb + νbgnrp
b − fCX

Pb

Eb
+ νbLnb + SLC − νOLni (3.11)

∂

∂t
rniuir = −2r

∂

∂s
uirrniuir +

ueθ

r
rniuiθ − 2s

∂

∂s

niTi

mi

− 2Zi
e

mi
sni

∂

∂s
φ + Zi

e

mi
Bφrniuiθ + 2Zi

e

mi
s
∂Aφ

∂s
niuiφ (3.12)

∂

∂t
rniuiθ = −2

∂

∂s
ruirrniuiθ +

(
4

∂

∂s
sµi

∂

∂s
rniuiθ − 4

∂

∂s
sµiruiθ

∂ni

∂s
− 4

∂

∂s
µirniuiθ

)

− Zi
e

mi
nirȦθ − Zi

e

mi
Bφrniuir − νNCirniuiθ −

me

mi
νei1rne(uiθ − ueθ)

+ 2
me

mi
s
∂Aφ

∂s

νei2

Bθ
ne(uiφ − ueφ) − mb

mi
νbirnb(uiθ − ubθ)

+
e2B2

φDe

miTe

[
rneueθ + 2

∂Aφ

∂s

s

Bφ
neueφ + sne

B

Bφ

〈
ω

m

〉
e
+ 2s

1 − αe

eBφ

(
∂

∂s
neTe − Te

∂

∂s
ne

)

−2sne
1

Bφ

∂

∂s
φ

]
− 2νLrniuiθ − ν0irniuiθ − νCXrniuiθ
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+ rSLCθ − νOLrniuiθ + F neo
iθ + Tiθ (3.13)

∂

∂t
niuiφ = −2

∂

∂s
ruirniuiφ +

(
4

∂

∂s
sµi

∂

∂s
niuiφ − 4

∂

∂s
sµiuiφ

∂ni

∂s

)
− Zi

e

mi
niȦφ − 2Zi

e

mi

∂Aφ

∂s
rniuir

− me

mi
νei3ne(uiφ − ueφ) + 2

me

mi

∂Aφ

∂s

νei2

Bθ
rne(uiθ − ueθ) −

mb

mi
νbinb(uiφ − ubφ)

+ 2
e2BφDe

miTe

∂Aφ

∂s

[
rneueθ + sne

B

Bφ

〈
ω

m

〉
e
+ 2s

1 − αe

eBφ

(
∂

∂s
neTe − Te

∂

∂s
ne

)

−2sne
1

Bφ

∂

∂s
φ

]
+

e2B2
φDe

miTe

(
Bθ

Bφ

)2

neueφ − 2νLniuiφ − ν0iniuiφ − νCXniuiφ

+ SLCφ − νOLniuiφ + Tφ,i (3.14)

∂

∂t

3
2
niTi = −5

∂

∂s
ruerneTe +

(
4

∂

∂s
sχe

∂

∂s
niTi − 4

∂

∂s
sχiTi

∂ni

∂s

)
+ 2ruir

∂

∂s
niTi

+ Zie
Eθ

r
rniuiθ + ZieEφniuiφ − 3

2
νTeine(Ti − Te) + mbvb

Bθuiθ + Bφuiφ

B

Pb‖
Eb

− νL

Zi
Ti(ne − nediv) −

3
2
νLTini(Ti − Tidiv)

+
3
2

νionize

Zi

ne

n01 + n02 + n03
(n01T01 + n02T02 + n03T03) −

3
2
νCXni(Ti − T01)

+ (1 − fei)Pb + Pαi + PRFi (3.15)

∂

∂t
nb =

Pb

Eb
− g

Pb⊥
Eb

− νbnb − νbLnb − νeffg(
√

δnb − nrp
b ) + 4

∂

∂s
sftDb

∂

∂s
nb (3.16)

∂

∂t
rnbubθ = −Zb

e

mb
nbrȦθ − νbe1rnb(ubθ − ueθ) + 2s

∂Aφ

∂s

νbe2

Bθ
nb(ubφ − ueφ) − νbirnb(ubθ − uiθ)

− ν0brnbubθ − νCXrnbubθ + rvbθ

Pb‖
Eb

− νbLrnbubθ − νeffg
√

δrnbubθ

+ 4
∂

∂s
sftDb

∂

∂s
rnbubθ − 4

∂

∂s

(
sftDb

∂rubθ

∂s

)
nb (3.17)

∂

∂t
nbubφ = −Zb

e

mb
nbȦφ − νbe3nb(ubφ − ueφ) + 2

∂Aφ

∂s

νbe2

Bθ
nb(ubθ − ueθ) − νbinb(ubφ − uiφ)

− ν0bnbubφ − νCXnbubφ + vbφ

Pb‖
Eb

− νbLnbubφ − νeffg
√

δnbubφ

+ 4
∂

∂s
sftDb

∂

∂s
nbubφ − 4

∂

∂s

(
sftDb

∂ubφ

∂s

)
nb (3.18)

∂

∂t
n01 = 4

∂

∂s
sD01

∂

∂s
n01 −

1
Zi

νionize
ne

n01 + n02 + n03
n01 − νCX

ni

n01 + n02
n01
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+ γ0
νL

Zi
(ne − nediv) + 2

∂

∂s
rΓpuff

∣∣∣∣
b

(3.19)

∂

∂t
n02 = 4

∂

∂s
sD02

∂

∂s
n02 −

1
Zi

νionize
ne

n01 + n02 + n03
n02 + νCX

ni

n01 + n02
n01 (3.20)

∂

∂t
n03 = 4

∂

∂s
sD03

∂

∂s
n03 −

1
Zi

νionize
ne

n01 + n02 + n03
n03 + fCX

Pb

Eb
(3.21)

∂

∂t
nrp

b =
Pb⊥
Eb

+ νeff(
√

δnb − nrp
b ) − νbn

rp
b − 2

∂

∂s
rurp

b nrp
b + 4

∂

∂s
sDrp

b

∂

∂s
nrp

b (3.22)

4 Boundary Conditions

num. name variable center edge

1 LQm1 φ N 0
2 LQm2 rȦθ 0 2sbBV

3 LQm3 Ȧφ N −2bBθb

4 LQm4 Aφ × ×
5 LQm5 rAθ × ×
6 LQe1 ne N N(×)
7 LQe2 rneuer 0 ×(0)
8 LQe3 rneueθ 0 0
9 LQe4 neueφ N 0
10 LQe5 neTe N N
11 LQi1 ni N N(×)
12 LQi2 rniuir 0 ×(0)
13 LQi3 rniuiθ 0 0
14 LQi4 niuiφ N 0
15 LQi5 niTi N N
16 LQb1 nb ×(N) ×(N)
17 LQb3 rnbubθ ×(0) ×(0)
18 LQb4 nbubφ ×(N) ×(0)
19 LQn1 n01 N ×(2bSgas)
20 LQn2 n02 N 0
20 LQn3 n03 N 0
21 LQr1 nrp

b ×(N) ×(N)

0: Dirichlet condition (u = 0)
N: Neumann condition (u′ = 0)
value: Neumann condition (u′ = value)
×: no condition

Excess BCs are imposed on the equations LQe1 and LQi1, from the aspect of the order of
their derivative. However, these BCs must be required to keep quasi-neutrality.
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